Abstract. We introduce new classes of right quaternionic Hilbert spaces of Bargmann-Fock type GB 2 m (H), labeled by nonnegative integer m, generalizing the so-called slice hyperholomorphic BargmannFock space introduced by Alpay, Colombo, Sabadini and Salomon in [4] . They are realized as L 2 -eigenspaces of a sliced second order differential operator. The concrete description of these spaces is investigated and involves the so-called quaternionic Hermite polynomials. Their basic properties are discussed and the explicit formulae of their reproducing kernels are given. Associated Segal-Bargmann transforms, generalizing the one considered by Diki and Ghanmi in [12] , are also introduced and studied. Connection to the quaternionic Fourier-Wigner transform is established.
Introduction
The classical Bargmann-Fock space is defined as the space of all e −|z| 2 dxdy-square integrable holomorphic functions on the complex plane. This is a phase space which is known to be unitary isomorphic to the quantum mechanical configuration space L 2 (R; dx) by means of the classical Segal-Bargmann transform (see for examples [5, 14, 25] ). A quaternionic analogue of this space in the context of slice hyperholomorphic functions of one quaternionic variable is introduced in [4] where SR(H) denotes the space of all slice (left) regular H-valued functions on H and C I ; I ∈ S = {q ∈ H; q 2 = −1}, is a slice in H. It is shown there that F 2 slice (H) is independent of I and is a reproducing quaternionic Hilbert space. A quaternionic analogue of the classical Segal-Bargmann is recently introduced and connect the slice hyperholomorphic Bargmann-Fock space F 2 slice (H) to the classical L 2 -Hilbert space of quaternionic-valued functions on the real line (see [12] for details).
In the present paper, we extend the notion of slice Bargmann-Fock space to the context of non hyperholomorphic functions. The new space GB 2 m (H) labeled by nonnegative integer m = 0, 1, 2, · · · , is connected to the specific L 2 -eigenspaces
2 (H; e −|q| 2 dλ); ∆ q f = mf , (1.2) of the second-order differential operator
3)
The spaces GB 2 m (H), defined on the whole H, are specific subspaces of F 2 m ( H). It will be shown that the particular case of F 2 0 (H) and GB and the slice hyperholomorphic Bargmann-Fock space F 2 slice (H) given through (1.1), respectively. The GB 2 m (H) are then called generalized quaternionic Bargmann-Fock spaces. Our main purpose is to give a concrete description of the spaces F 2 m ( H) and GB 2 m (H). We show that the GB 2 m (H) is a reproducing kernel quaternionic Hilbert space. The expression of the corresponding reproducing kernel is given explicitly in Theorem 5.5. This was possible by solving the partial differential equation of hypergeometric type arising from the (right) eigenvalue problem ∆ q f = f µ on H := H \ R, and manipulating the asymptotic behaviour of the involved confluent hypergeometric function. We show in particular that the spectrum of ∆ q is purely discrete and constituted of the eigenvalues µ = µ m = m (Landau levels) occurring with infinite degeneracy (see Theorem 4.7) . A concrete description of the elements of F 2 m ( H) in C ∞ and L 2 pictures is given respectively by Theorems 4.2 and 4.7. In such description, the so-called quaternionic Hermite polynomials play a crucial role. Such polynomials are introduced in [23, 24] and an accurate systematic study of them can be found in [13] .
Associated Segal-Bargmann transform is then introduced and studied in some details. It generalizes the one considered in [12] . The corresponding kernel function involves the real Hermite polynomial H m (see Theorem 6.1). As basic result, we show that this transform maps isometrically the L 2 -Hilbert space of left-sided quaternionic-valued functions on the real line onto GB 2 m (H) (see Theorem 6.2). The connection to a quaternionic Fourier-Wigner transform is also established (see Theorem 7.4) .
The rest of the paper is structured as follows • Preliminaries.
• Discussion of the problematic.
• C ∞ and L 2 -concrete spectral analysis of the operator 2 q on H.
• Generalized quaternionic Bargmann spaces and their reproducing kernels.
• Generalized quaternionic Bargmann transforms B m .
• Left-sided quaternionic Fourier-Wigner transform.
Preliminaries
We denote by H the divisor algebra of real quaternions. The standard basis {1, i, j, k} satisfies the Hamiltonian multiplication i 2 = j 2 = k 2 = ijk = −1, ij = −ji = k, jk = −kj = i and ki = −ik = j. The algebraic representation of a quaternion q is q = x 0 + x 1 i + x 2 j + x 3 k ∈ H with x 0 , x 1 , x 2 , x 3 ∈ R. Accordingly, the quaternionic conjugate is defined to be q
The modulus of q is defined to be
. While, with respect to the spherical coordinates
with r = |q| ∈ [0, +∞[, ψ, φ ∈ [0, π] and θ ∈ [0, 2π], the polar representation is given by
where I is given by I = sin φ cos ψi + sin φ sin ψj + cos φk and belongs to the unit sphere S = {q ∈ ImH; |Im(q)| = 1} in ImH. Notice for instance that S can be identified with the set of imaginary units S = {q ∈ H; q 2 = −1}. Another interesting representation of q ∈ H is given by q = x + Iy for some real numbers x and y and imaginary unit I ∈ S. Such decomposition is unique for any q ∈ H \ R with y > 0. For every fixed I ∈ S, the slice L I = C I := R + RI is isomorphic to the complex plane C so that it can be considered as a complex plane in H passing through 0, 1 and I. Thus, H can be seen as the infinite union of complex planes, the slices. Their intersection is the real line R.
The last representation is the basic idea in developing the theory of quaternionic slice hyperholomorphic functions that has been introduced by Gentilli and Struppa in the seminal work [15] . Since then, they have been object of intensive research and the corresponding hyper-complex analysis theory have been developed. It has found many interesting applications in operator theory, quantum physics, Schur analysis [10, 2, 3, 16, 1] . The interesting readers can refer to [15, 10, 16, 9, 11] for more details. According to [15] , the left slice derivative ∂ s f of a given real differential quaternionic-valued function f on a given open domain Ω ⊂ H is defined by
where f I (q = x + Iy), denotes the restriction of f to Ω I := Ω ∩ L I . Thus, f is said to be slice (left) regular, if it is a real differentiable on Ω and its restriction f I is holomorphic on Ω I for every I ∈ S.
That is it has continuous partial derivatives with respect to x and y and the function ∂ I f : Ω I −→ H defined by
vanishes identically on Ω I . The corresponding space, denoted SR(Ω), is endowed with the natural uniform convergence on compact sets. It turns out that SR(Ω) is a right vector space over the noncommutative field H containing the power series n q n a n ; a n ∈ H, defined in its domain of convergence, which is proved to be an open ball B(0, R) := {q ∈ H; |q| < R}. Conversely, every given H-valued slice regular function f on B(0, R) ⊂ H has the following series expansion ( [15] )
Now, let L 2 (H; e −|q| 2 dλ) denote the right Hilbert space of all quaternionic-valued square integrable functions on H with respect to the inner product
is shown ( [13] ) to be given through the quaternionic Hermite polynomials defined by
They can be seen as natural extension of the complex Hermite polynomials. Their Rodriguez' formula involves the slice derivative ∂f ∂q
and its quaternionic conjugate
The basic and needed properties of H m,n (q, q) are summarized in the following items • The expression of the quaternionic Hermite polynomials can be written in terms of the confluent hypergeometric function 1 F 1 as follows
where q = re Iθ with r = |q| > 0, θ ∈ [0, 2π] and I ∈ S, and
• An exponential representation is given by
= πm!n!. Moreover, they form a complete orthogonal system. We should point out that the expansion in terms of these polynomials is sliced (see Remark 3.4 in [13] ).
• We have the following bilateral generating function involving both the real and quaternionic Hermite polynomials
Proofs and further properties of such polynomials can be found in [13] .
Discussion of the problematic
In order to give a concrete description of the C ∞ and L 2 -spectral analysis of the operator ∆ q , we have to surmount two problems. The first one is connected to the uniqueness problem of the polar representation q = re Iθ and the slice representation q = x + Iy, of given q ∈ H. This can be removed by restricting q to belong to specific subspaces of H. Another problem that arise lies in the definition of the slice derivative given by (2.2). Indeed, the operator ∆ q in (1.3) takes the form
on H = H \ R and the form
on R. A unified explicit form of the slice derivative is the following
and therefore of the Laplacian ∆ q reads
Accordingly, the operator ∆ q seen as second order differential operator on R 2 , is not elliptic nor uniform elliptic. However, it is semi-elliptic. Indeed, the eigenvalues of the matrix
associated to ∆ q , are clearly non-negatives (but not necessary positives). Therefore, to provide a concrete description of the L 2 -spectral analysis of the operator ∆ q , we have to distinguish cases and consider special subspaces.
The strategy we will follow is to begin by studying the eigenvalue problem of 2 q in (3.1) on H when acting on both the C ∞ and L 2 quaternionic-valued functions on H and next extend, in some how, the result to the whole H. In fact, this will motivate the definition we will give to the generalized quaternionic Bargmann spaces that will generalize the slice hyperholomorphic Bargmann-Fock space (1.1). It should be noted here that the Borel measurable set R is a negligeable set with respect to the gaussian measure on H, and therefore
where dr (resp. dθ) denotes the Lebesgue measure on positive real line (the unit circle) and dσ(I) stands for the standard area element on S. This observation will be used systematically in particular to obtain such extension to the whole H.
4 C ∞ and L 2 -concrete spectral analysis of the operator 2 q on H
In this section, we consider the operator 2 q given through (3.1). Its expression in the polar coordinates q = re Iθ , with r > 0, 0 ≤ θ ≤ 2π and I ∈ S, is given by the following Lemma 4.1. We have
Moreover, its action on the functions e Inθ a I n (r) is given by
Proof. The formulas (6.2) and (4.2) follow by direct computations. Now, let µ be a fixed quaternionic number and E ∞ µ ( H, 2 q ) be the corresponding C ∞ -eigenspace associated to the sliced differential operator 2 q defined in (1.3). It consists of all quaternionic-valued function that are C ∞ satisfying 2 q f = f µ on H, to wit
The first main result of this section concerns the explicit characterization of the elements of
where (a) k denotes the Pochhammer symbol (a) k = a(a + 1) · · · (a + k − 1) with (a) 0 = 1. Namely, we have
for some quaternionic constants α I n ∈ H and β I µ,n in the slice containing µ, C µ .
Proof. By smooth regularity, any f ∈ C ∞ ( H) can be expanded as
The functions (r,
Therefore, in view of Lemma 4.1 the associated right-eigenvalue problem 2 q f = f µ reads
Identification of power series in e Iθ ∈ C I , for fixed r and I, yields
for every n. The change of variable t = r 2 and the change of function a I n (r) = t α h n (t, I) reduce (4.7) to the following
The ansatz α = n/2 shows that the h n (·, I) satisfies the left-confluent hypergeometric differential equation:
The regular solution at t = 0 of (6.1) is given by the left-confluent hypergeometric function 1 F L 1 defined by (4.4). Thus, we have
for some quaternionic constants α I n ∈ H and β I µ,n in the slice containing µ. Therefore, Added to the C ∞ -version of the right-eigenvalue problem 2 q f = f µ described by the previous theorem, one can also consider the L 2 -version. We denote by F 2 µ ( H) the L 2 -eigenspace defined by
In order to give a concrete description of such L 2 -eigenspaces, we need first to establish some fundamental lemmas. The first one shows that the considered space F 2 µ ( H) can also be seen as a L 2 -subspace of the C ∞ -eigenspace E ∞ µ ( H, 2 q ). Namely, we assert Lemma 4.4. We have
Proof. This is an immediate consequence of the ellipticity of 2 q given by (3.1) and seen as a second order differential operator on R × R * .
The second key lemma concerns the elementary functions
for varying n ∈ Z, where q = x + Iy ∈ H, α I n ∈ H and β I µ,n in the slice containing µ. 
Proof. The first assertion follows by direct computation using the polar coordinates q = re Iθ . Indeed, in these coordinates, the Lebesgue measure dλ becomes the product of the standard Lebesgue measures rdr on R + and dθ on the unit circle times the standard area element dσ(I) on S, the two-dimensional sphere of imaginary units in H. Therefore, by the Fubini's theorem, we have
where R n,k (I) stands for
Using the well-known fact 2π 0 e I(n−k)θ dθ = 2πδ n,k and making the change of variable t = r 2 , we obtain
To prove the second assertion, we make use of the asymptotic behavior of the confluent hypergeometric function
for t large enough and a = 0, −1, −2, · · · , that follows from the Poincaré-type expansion [21, Section 7.2]
Indeed, if µ = 0, 1, 2, · · · , then the nature of the integral involved in the right hand-side of (4.15) is equivalent to 1
which is clearly divergent for n large enough. Conversely, if µ = 0, 1, 2, · · · , the involved confluent hypergeometric function is the generalized Laguerre polynomial ([20, Eq. (1), p. 200]) 
More precisely, starting from (4.15), the explicit computation yields
provided that n + m + 1 > 0. This completes the proof of assertions (ii) and (iii). The second main result of this section is the following. It shows that the spectrum of 2 q acting L 2 ( H; e −|q| 2 dλ) is purely discrete and reduces to the quantized eigenvalues known as Landau levels.
Theorem 4.7. The space F 2 µ ( H) is nontrivial if and only if µ = m = 0, 1, 2, · · · . In this case, a nnonzero quaternionic-valued function f belongs to F 2 m ( H) if and only if it can be expanded as
where the quaternionic constants C n (I) satisfy the growth condition
Proof. Fix µ ∈ H and assume that there is a nonzero function f ∈ L 2 ( H; e −|q| 2 dλ) solution of 2 q f = µf . Then, the realization (4.11) and Theorem 4.2 show that f admits the expansion
Its square norm in the Hilbert space L 2 ( H; e −|q| 2 dλ) can be computed using Lemma 4.5. Indeed, the orthogonality of the (
and therefore we have necessarily ϕ µ,n 2 is finite for every n, since f belongs to F 2 µ ( H). In particular, we have ϕ µ,n 0 2 for some n 0 such that the integral mean
Such n 0 exists for f being nonzero. This implies that µ is necessary of the form µ = m = 0, 1, 2, · · · with n ≥ −m, which follows readily by means of (ii) in Lemma 4.5. In this case, the β I µ,n are reals (for µ = m ∈ R) and moreover we have
where we have set C n (I) := α I n β I µ,n . This yields the growth condition (4.21) and thus the proof is completed.
According to the fact that the quaternionic Hermite polynomials H m,n (q, q) form a complete orthogonal system in L 2 ( H; e −|q| 2 dλ) (see [13] ), an expansion of the elements of F 2 m ( H) in terms of the H m,n (q, q) can be given. The following result describes such expansion. 
for some sliced quaternionic constants C n (I) displaying the growth condition (4.21).
Proof. Making appeal of (2.8), the confluent hypergeometric function involved in (5.1) can be rewritten in terms of the quaternionic Hermite polynomials as
Therefore, the expression of f (q) given through (5.1) reduces further to (4.22) with the same growth condition (4.21).
We conclude this section by a result concerning the right quaternionic Hilbert space F 2 f ull ( H), defined as the space of all slice regular functions that are e −|q| 2 dλ-square integrable on H,
Namely, we assert the following 24) . Proof. This follows readily from Corollary 4.8 combined with the fact H n,0 (q, q) = q n . Indeed, for the special case of m = 0, we get
This is exactly the sequential characterization of the full hyperholomorphic Bargmann-Fock space F 2 f ull ( H). Indeed, for given slice regular functions
for some quaternionic sliced constants a n and b n , we have
Therefore, the norm boundedness of a given slice regular function
This completes the proof.
Corollary 4.10. We have 1) . Proof. The inclusion follows immediately by comparing the sequential characterization of the full hyperholomorphic Bargmann-Fock space F 2 f ull ( H) given through (4.25) and the one for the slice hyperholomorphic Bargmann-Fock space F 2 slice (H) given by Proposition 3.11 in [4] , to wit
Generalized quaternionic Bargmann spaces and their reproducing kernels
Motivated by Corollary 4.10 and using the functions ψ m,n defined through (4.18), to wit
we introduce an appropriate class of infinite dimensional right quaternionic Hilbert spaces. They are subspaces of the F 2 m ( H) and possessing reproducing kernels. In fact, for every fixed nonnegative integer m, we define GB 
where the constants C n ∈ H satisfy the growth condition
In view of (4.23), we can suggest an equivalent definition of the GB 2 m (H). Namely, we have Proof. We begin by noting that the H k,m is an orthogonal system (with respect to the both indices) with respect to the gaussian measure. Now, starting from the expansion f =
Hence, using the explicit expression of the quaternionic Hermite polynomials and integrating on B(0, R) with respect to the polar coordinates, one shows that
Subsequently, the expression of f, H n,m becomes
Therefore, C n = 0 for every nonnegative integer n, by the assumption f, H n,m = 0 for every n. This proves that f ≡ 0 on H.
In the sequel, we establish further properties of the generalized quaternionic Bargmann-Fock space GB 
The series in the right hand-side of (5.4) is absolutely convergent for every fixed r and is independent of f . This follows readily making use of the following upper bound (see [13, Corollary 4.3] ): 
The next result gives the explicit expression of the reproducing kernel of the GB 
where 
Notice for instance that for the particular case of q and q belonging to the same slice, the result follows by means of
which is readily an immediate consequence of Theorem 3.1 in [6] , to wit
valid for every t in the unit circle and z, w ∈ C, combined with H m,m (ξ,ξ) = m!L m (|ξ| 2 ). Therefore, we claim
Remark 5.6. The operator f −→ P m f given by 
By tending N to +∞ and using the explicit formula for the generating function of the Laguerre polynomials ( [20, Eq. (14) 
The limit t −→ 1 − yields an integral involving the Dirac δ-function at the point q ∈ H. From that we deduce e
[q,w] * f (w)e −|w| 2 and therefore f (q) = 0 for every q ∈ H. The following result gives the explicit expression of the action of the Fourier-Wigner transform on the real Hermite polynomials in (6.1). We assert Theorem 7.2. For fixed I ∈ S and every x, y ∈ R, we have
The following Lemma is needed for proving the previous theorem. 
In the right hand-side of the last equality we recognize the generating function of the quaternionic Hermite polynomials with variable x + Iy √ 2 . Then, by identifying the two power series we get the result.
We conclude by the following result whose the proof is straightforward.
